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Abstract
Equilibrium configurations of dusty plasmas with grains of different sizes,
which interact through a screened Coulomb force field and confined by a
two-dimensional quadratic potential, are studied using molecular dynamics
simulation. The system configuration depends on the sizes, masses and charges
of the grain species as well as the screening strength of the background plasma.
The consideration of the grain size has established a different equilibrium
configuration relative to that of point grains. In the new configurations, grains
of different species separate into different shells, with the grains of larger mass
and charge located away from the system center, forming a shell that surrounds
the grains of smaller mass and charge at the system center. This configuration
occurs beyond a critical grain radius, and its structure and size are determined
by the competing effects between the inter-grain electrostatic repulsive force,
the screening effect of the plasma and the mass-dependent confinement force
of the quadratic potential.

PACS numbers: 61.50.Ah, 36.40.Wa, 61.43.Bn, 52.27.Lw

(Some figures in this article are in colour only in the electronic version)

1. Introduction

There has been growing interest in the studies of pattern formation through the process of
particles self-assembly in different systems [1–9]. Examples of such systems are electrons
confined in quantum dots [1], heavy ions in storage rings [2] and strongly coupled dusty
plasmas [3, 4]. In most of these studies, only a single species of particles is considered.
Recently, the properties of multi-species systems have begun to attract more attention
[10–19]. For instance, Hornekær et al [10] have experimentally studied a two-component ionic
crystal confined in a Paul trap and have found radial separation between the two ionic species.
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Matthey et al [11] have numerically investigated a system containing two species of particles
with an identical mass-to-charge ratio, and have observed a mixing of the two species which
is independent of their relative abundances. Grzybowski et al [12, 13] have experimentally
examined a two-dimensional (2D) system containing two ferromagnetic particles (disks) of
different sizes located on a liquid-to-air interface in an external magnetic field. They found
that depending on the experimental conditions, the particles can either separate or mix. Drocco
and Nelissen et al [14–16] have studied a 2D binary system and have shown that in the ground
state similar particles tend to group together, but mixing of the particles in the shells can appear
if the mass and charge ratios of the corresponding species become equal. More recently, Liu
et al [17] have studied the self-organized separation of multi-species dust grains by means
of molecular dynamics (MD) simulation. They consider the dust grains interacting through
a screened Coulomb potential with a long-range attractive component, in addition to being
confined within a 2D quadratic trap. They have studied the effect of grain mass and charge on
the organizational structure of multi-species dusty plasma.

In a dusty plasma, the grains interact with each other and give rise to dust molecule
formation, agglomeration, dust cloud, as well as the formation of ordered structures such
as the plasma crystals [20–25]. In fact, these ordered structures can serve as a platform
for the investigation of condensed matter systems since the dust grains, being massive and
large, enable the observation of macroscopic effects from microscopic events. For example,
Khrapak et al [26, 27] experimentally investigated the compressional waves in a complex
plasma under a microgravity condition. In the experiments, the two-species grains’ separation
is also observed. In an experimental investigation on a dusty plasma, the grain size can be
large and comparable to the mean inter-grain distance. Hence, the consequence of the grain
size on the system properties should not be neglected [28–31]. In fact, the effect of the grain
size on the system structures of a 2D dusty plasma is still not clear [32]. Thus, it is of interest
to study a 2D dusty plasma that contains grains of a different mass, charge and radius at
different screening strengths in order to reveal the effects of the grain size and screening
strength on the system properties.

This paper is organized as follows. In section 2, we present our model system and
numerical approach. In section 3, we uncover the minimum-energy configurations of diverse
two-species and three-species dusty plasmas with grains of a different mass, charge and radius.
We discuss the principal effects of the grain radius and screening strength, as well as the grain
mass and charge, on the equilibrium structure of the dusty plasma. In section 4, we present
our conclusions.

2. Model system and numerical approach

We consider a 2D dusty plasma consisting of a finite number of grains of a different mass,
charge and radius, interacting through a screened Coulomb force field [29–33], and confined
by a quadratic potential [34, 35]. The Hamiltonian of the system is H = K + U , where K is
the kinetic energy and

U =
N∑

i=1

1

2
Miω

2
0r

2
i +

1

ε

N∑

i=1,i<j

QiQj

(1 + ai/λ)(1 + aj/λ)rij

e−(rij −ai−aj )/λ (1)

is the potential energy. In equation (1), N = ∑n
s=1 N(s) is the total grain number, with

n being the total species number, and N(s) is the number of grains of species s. Note that
Mi,Qi, ai and ri are the mass, charge, radius and position of grain i (=1, . . . , N), respectively;
rij = |ri − rj |; ω0 is the trapping frequency of the external confinement potential; ε is the
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dielectric constant of the surrounding medium and λ is the screening length. The potential
energy given by equation (1) can also be written in the dimensionless form

U =
N∑

i=1

mir
2
i +

N∑

i=1,i<j

qiqj

(1 + κai)(1 + κaj )rij

e−κ(rij −ai−aj ), (2)

where the mass and charge have been normalized by the mass M(1) and charge Q(1) of
grains of species 1 respectively, the space coordinate and energy have been normalized by
r0 = (

2Q(1)2
/
M(1)εω2

0

)1/3
and E0 = M(1)ω2

0r
2
0

/
2, respectively, and κ = r0/λ represents the

strength of screening by the background plasma on the dust grains.
The existence of the separated layers corresponds to the balance of the vertical forces

(such as the gravity, thermal and electrostatic sheath forces) acting on the grains. Existing
investigations [36–41] showed that due to a self-organization process involving local-field,
or space, dependent dust charging, the charge-to-mass ratio of the particles in each layer is
usually the same. Since the system is slowly annealed to T ∼ 0 in the simulation, isotropic
(with respect to the particle) frictional forces such as neutral drag can be considered to be
qualitatively included. Accordingly, we introduce the parameter µ(s) (=m(s)/m(1) = q(s)/q(1))
to denote the grain mass or charge ratio that is kept constant in the layer. Since m(1) = 1 and
q(1) = 1, µ(s) (s = 1, 2, . . . , n) is simply the grain mass or charge of species s. According
to [42] and [43], the charge on a dust grain is proportional to the radius of the grain. Hence,
we have a(s) = µ(s)a(1) (s = 1, 2, . . . , n). The species are distinguished by their different
materials, or mass densities.

We use MD simulation to track the motion of the grains. To achieve the minimum-energy
state (H → U), each run is started with a random spatial and velocity distribution of the
grains that are set at a high temperature (T = 0.05 → 1.0, where T has been normalized by
E0). The system is then slowly annealed until the temperature reaches zero (T = 0 ± 10−6).
The annealing time is 6×104ω−1

0 and the integration time step is 0.003ω−1
0 . We have checked

the accuracy of our simulations by comparing our results to the stable-state configurations of
single or two-species clusters obtained from Monte Carlo or MD simulations [14, 15, 35].
Very good agreements were found.

3. Simulation results

In this section, we first study a dusty plasma with two species of grains by varying the grain
radius a(1) and mass ratio (or charge ratio) µ(2) at a fixed screening strength κ . We then
investigate the same system, but now vary a(1) and κ while fixing µ(2). We shall also study
the effect of the grain radius and screening strength on fixed mass and charge ratios in a
multi-species system. For each case, the minimum-energy system configurations are obtained
and analyzed.

3.1. Systems with two species of grains

3.1.1. Different mass ratio or charge ratio. We first consider an N = 100 system containing
two species of grains of a different radius and mass (charge) ratio, interacting through a
screened Coulomb potential with a fixed screening strength of κ = 4. Figure 1 shows
the minimum-energy configurations of this system. We have included the special case of
µ(2) = µ(1) = 1 for comparison. The subfigures are arranged such that the columns show
the effect of the grain mass ratio (or grain charge ratio) µ(2), while the rows show the effect
of the grain radius a(1) on the system structures. From figure 1, one observes that when
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(a4) (b4) (c4) (d4)

(a3) (b3) (c3) (d3)

(a2) (b2) (c2) (d2)

(a1) (b1) (c1) (d1)

a(1)=0 a(1)=0.05 a(1)=0.1 a(1)=0.2

µ(2)=4

µ(2)=3

µ(2)=2

µ(2)=1

Figure 1. The minimum-energy configurations for two species of grains with a different radius,
mass or charge ratio µ(2)(=m(2)/m(1) = q(2)/q(1)) at a fixed screening strength of κ = 4. The
relation between the grain radii is a(2) = µ(2)a(1). The total number of grains is N = 100, and the
number of grains for species 1 (dots) and 2 (triangles) are N(1) = 60 and N(2) = 40 respectively.
The subfigures are to the same arbitrary scale.

µ(2) = µ(1) = 1 (figures 1(a1), (b1), (c1) and (d1)), the grains are mixed together because the
two species are physically indistinguishable. If we were to ignore the effect of the grain size
by setting a(1) = 0, the grains of species 2 are found to locate near to the system center, being
surrounded by the grains of species 1 when µ(2) �= 1. By turning on the grains radius through
increasing a(1) (note that a(2) = µ(2)a(1)), the grains of species 2 begin to relocate outwards to
the system edge, while the grains of species 1 gather inwards to the system center. At a critical
value of a(1), the two species become completely separated, with species 2 forming a shell
surrounding the grains of species 1. For example, at µ(2) = 2, the critical value is a(1) = 0.2
(see figure 1(d2)). It is interesting to note that with larger µ(2), the observed grain separation
occurs at a smaller critical grain radius; at µ(2) = 4, the critical value reduces to a(1) = 0.1
(see figure 1(c4)). Furthermore, we observe an increase in the system size when either a(1) or
µ(2) increases.

These results can be understood by first examining equation (2). In equation (2), the
inter-grain potential can be viewed as the normal screened potential used for the case of point
grains (a(1) = 0) [25, 35] with a modified grain charge qmod = q eκa/(1 + κa), where q and a
are the grain charge and radius respectively [30]. The variation of the modified grain charge
qmod with grain radius a (at a fixed κ = 4) for different grain charge q is shown in figure 2.
Figure 2 shows that the grain-modified charge increases with the grain radius. In addition,
the figure shows a larger increase of modified grain charge with a for a larger grain charge
q (for example, q = 4). Thus, for the two-species system with a fixed grain mass (charge)
ratio µ(2) (figure 1), increasing the grain radius a(1) increases the grain-modified charge
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Figure 2. The variation of the grain-modified charge, qmod = q eκa/(1 + κa), with grain radius, a,
at κ = 4 for different grain charges q = 1 (circle), 2 (square), 3 (triangle) and 4 (star).

q
(s)
mod (s = 1 and 2). This in turn increases the inter-grain repulsive force, resulting in a larger

system size as observed in figure 1. For µ(2) > 1, an increase in a(1) leads to a much greater
increase in the modified charge on grains of species 2 than that on species 1, and when the
inter-grain repulsive force between species 2 becomes large enough, the grains begin to situate
far apart from each other. Finally, at a critical value of a(1), they form a shell at the system edge
surrounding the grains of species 1 as shown, for example, in figure 1(d2). At a larger µ(2),
the modified charge on grains of species 2 increases even faster with a(1). Hence, we expect
the occurrence of grains separation at a smaller critical value of a(1). This is indeed illustrated
in figure 1(c4) at µ(2) = 4 and a(1) = 0.1. On the other hand, fixing a(1) (with a(1) > 0) while
increasing µ(2) also leads to an increase in the modified charge on grains of species 2. Hence,
we again expect grain separation at a critical value of µ(2) as well as a corresponding increase
in the system size. For the case of point grains with a(1) = 0, the inter-grain repulsive force is
short ranged and the inward mass-dependent confinement force becomes the dominant factor
in determining the grains’ position in the system. In this case, we expect the grains with the
larger mass µ(2) to be pushed near to the system center, being surrounded by a shell formed by
the grains with the smaller mass µ(1). The minimum-energy configuration for point grains is
hence determined through the competition between the inward mass-dependent confinement
force and the charge-dependent inter-grain repulsive force.

3.1.2. Different screening strengths. Next, we consider the same system but now fixing
the grain mass (charge) ratio while varying the particle size and the screening strength κ .
Figure 3 shows the minimum-energy configurations of the various cases with the grain mass
(charge) ratio being fixed at µ(2) = 2. The subfigures are arranged such that the columns show
the effect of the screening strength κ , while the rows show the effect of the grain radius on
the system structures. From figure 3, one observes that for κ = 3, 5 or 7, the different grains
separate into different shells at a certain critical radius a(1), with the grains of species 2 and 1
located in the outer and inner shells respectively. No grains’ separation is observed, however,
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(a4) (b4) (c4) (d4)

(a3) (b3) (c3) (d3)

(a2) (b2) (c2) (d2)

(a1) (b1) (c1) (d1)
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Figure 3. The minimum-energy configurations for two species of grains with different radius and
screening strength κ at a fixed grain mass (charge) ratio of µ(2) = 2. The total number of grains
is N = 100, and the numbers of grains for species 1 (dots) and 2 (triangles) are N(1) = 60 and
N(2) = 40 respectively. The subfigures are to the same arbitrary scale.

for κ = 1. In addition, the grains’ separation is observed to occur at a smaller critical radius
for a higher κ , for example, at a(1) = 0.1 when κ = 7 (see figure 3(c4)). If we were to fix a(1)

and increase κ , one again observes particles’ separation at a critical κ . However, for a(1) = 0,
the particles are separated in a different manner: species 2 at the system center, while species
1 form the surrounding shell. In all cases when a(1) is fixed, the whole system size is observed
to decrease as κ increases.

This result can be understood with respect to the modified charge qmod as before.
Figure 4 shows the variation of the modified charge q

(1,2)
mod on grains of species 1 and 2

with a(1). The figure shows that at a fixed κ with µ(2)(q(2)) = 2, q
(2)
mod increases much

faster than q
(1)
mod as a(1) increases. In consequence, we expect a stronger inter-grain repulsive

force between species 2, and at a critical value of a(1), the force becomes large enough to
push the grains of species 2 far apart from each other, creating a shell at the system edge
surrounding the grains of species 1. Furthermore, since q

(1,2)
mod increases much faster with a(1)

at a larger κ (see figure 4), grains’ separation is to be expected at a smaller critical radius at
a higher κ , for example, a(1) = 0.1 when κ = 7 as observed in figure 3(c4). On the other
hand, grains’ separation is not observed when κ = 1 because there is not much increase in
the grain-modified charges as a(1) is increased from 0 to 0.2. This insignificant increase has
also rendered the increase in the system size for κ = 1 to be unnoticeable, as opposed to
the case of κ = 3, 5 and 7, where an increase in the whole system size with a(1) is obvious
due to the more considerable rise in the modified charges on the grains. In addition to the
modified charges, there is also the screening effect of the background plasma (represented by
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Figure 4. The variation of the grain-modified charge of species 1 (solid lines) and 2 (dotted lines)
with the grain radius of species 1, at different screening strengths κ = 1 (circle), 2 (square), 3
(triangle) and 4 (star). Note that the grain charges of species 1 and 2 are fixed at q(1) = 1.0 and
q(2) = 2.0 respectively.

exp(−κrij ) in equation (2)), which serves to reduce the final inter-grain repulsive force as κ

increases. Indeed, the final inter-grain repulsive force depends on the competing outcomes
between the modified charges and the screening effects of the plasma. For example, by
increasing κ at a fixed a(1), the screening effects can outweigh that due to the modified charges
and lead to a decrease in the whole system size. This outcome is found to occur for a(1) = 0.05
and a(1) = 0.1. Conversely, at a larger a(1), for example a(1) = 0.2, when these competing
effects balance each other, the whole system size does not change much with increasing κ ,
as illustrated in figures 3(d2), (d3) and (d4) for a(1) = 0.2. In the case of point grains, i.e.
a(1) = 0, the effect of the modified charges vanishes, and the system size reduces only due to
plasma screening. In addition, the mass-dependent confinement force on the grains becomes
important for point grains, leading to the minimum-energy configuration of the heavier species
2 at the system center, while species 1 forms a shell at the system edge.

3.2. Systems with three species of grains

Let us now consider an N = 130 system with three species of grains. We shall fix the grain
mass (charge) of species 2 and 3 at µ(2) = 2 and µ(3) = 3, respectively, as we vary the grain
radius of the different species and the screening strength of the dusty plasmas. Figure 5 shows
the minimum-energy configurations of this system. From figure 5, one observes that at a fixed
κ , the grains of species 3 move away from the system center as a(1) increases, while the grains
of species 1 gather toward the system center. At κ = 3 and 5, grains’ separation is found
to occur at a(1) = 0.2, with the grains of species 1, 2 and 3 being segregated into the inner,
middle and outer shells respectively. In fact, for κ = 5, the trend of grains’ separation already
starts to appear at the smaller radius of a(1) = 0.1. If we were to fix a(1) = 0, the grains also
show separation as κ increases, except that the grains of species 1, 2 and 3 now occupy the
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(a3) (b3) (c3)

(a2) (b2) (c2)

(a1) (b1) (c1)

a(1)=0 a(1)=0.1 a(1)=0.2

κ=5

κ=3

κ=1

Figure 5. The minimum-energy configurations for three species of grains with different radius
and screening strength κ at fixed grain mass (charge) ratios of µ(2) = 2 and µ(3) = 3. The total
number of grains is N = 130, and the numbers of grains for species 1 (dots), 2 (triangles) and 3
(diamonds) are N(1) = 60, N(2) = 40 and N(3) = 30 respectively. The subfigures are to the same
arbitrary scale.

outer, middle and inner shells respectively. For a fixed a(1), in general, the whole system size
is found to decrease as κ increases.

These results can again be understood as a consequence of the competition between
the inter-grain repulsive force, the plasma screening effect and the confinement force of the
quadratic potential. For example, since q

(3)
mod increases much faster than q

(2)
mod or q

(1)
mod with a(1),

the greater inter-grain repulsive force between grains of species 3 pushes the grains further
away from each other, establishing a shell around the grains of species 1 and 2 beyond the
critical radius. Similarly, because q

(2)
mod increases faster than q

(1)
mod with a(1), we also expect

grains of species 2 to surround species 1 above a certain critical grain size. As a result, we
observe grains’ separation, with the grains of species 1, 2 and 3 segregated into the central
region, the middle shell and the outer shell respectively, as shown in figure 5(c3) at κ = 5
and a(1) = 0.2. On the other hand, when a(1) = 0, the dominating effects of the inward
mass-dependent confinement force lead to the heavier grains of species 3 to accumulate at
the system center, being successively surrounded by the lighter species 2 first, and then by
the lightest species 1. Analogous to section 3.1.2, the whole system size tends to decrease
as κ increases at a fixed a(1). However, when the grain size becomes sufficiently large, the
competing effect of the increased modified charge balances the screening effect, negating the
shrinking of the overall system size (see figures 5(c2) and (c3)).

We have also investigated much larger and complicated systems (not shown) with more
grains and species. The results confirm the grain-separation behavior discussed here. This
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shows the importance of the grain size or composition, as well as the effect of plasma screening
on the equilibrium structures of a dusty plasma.

4. Conclusions

In conclusion, the above discussion shows that the grain size has an important bearing on
the equilibrium configurations of a multi-species dusty plasma. The original equilibrium
configuration of point grains, with grains of larger mass at the system center and grains of
smaller mass at the system peripheral, is no longer a stable configuration with the consideration
of the grain size. In fact, as the grain size increases, the grains with the larger mass relocate
themselves at the system edges, forming a shell around the grains of smaller mass, which now
reorganize themselves within the system center.

In a single-species system, the effects of the grain mass, charge and radius on the final
system structures at various screening strengths may be envisaged, but their effects within a
multi-species system are not evident. In this respect, the results here should provide insight
into the equilibrium properties of multi-species systems. If a specific configuration of a multi-
species dusty plasma is observed experimentally, our results can be useful for estimating
the screening strength of the plasma and perhaps also to understand the grain growth (size
change). Our results can be useful in guiding future investigations on the effects of the grain
charge, mass and size on the equilibrium configurations and their wave behavior [26, 27] of
multi-species dusty plasmas.
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